Introduction {#Sec1}
============

Finite element methods for problems on surfaces have been rapidly developed starting with the seminal work of Dziuk \[[@CR11]\]. Different approaches have been developed including methods based on meshed surfaces \[[@CR1], [@CR9], [@CR10], [@CR15], [@CR17]\], and methods based on implicit or embedded approaches \[[@CR5], [@CR20], [@CR21]\], see also the overview articles \[[@CR3], [@CR12]\], and the references therein. So far the theoretical developments are, however, restricted to surfaces without boundary.

In this contribution we develop a finite element method for the Laplace--Beltrami operator on a surface which has a boundary equipped with a nonhomogeneous Dirichlet boundary condition. The results may be readily extended to include Neumann conditions on part of the boundary, which we also comment on in a remark. The method is based on a triangulation of the surface together with a Nitsche formulation \[[@CR19]\] for the Dirichlet boundary condition. Polynomials of order *k* are used both in the interpolation of the surface and in the finite element space. Our theoretical approach is related to the recent work \[[@CR4]\] where a priori error estimates for a Nitsche method with so called boundary value correction \[[@CR2]\] is developed for the Dirichlet problem on a (flat) domain in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^n$$\end{document}$. Boundary value correction consists of using a modified bilinear form that compensates for the approximation of the boundary in such a way that higher order convergence may be obtained using for instance only piecewise linear approximation of the boundary. We also mention the work \[[@CR23]\] where the smooth curved boundary of a domain in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^2$$\end{document}$ is interpolated and Dirichlet boundary conditions are strongly enforced in the nodes.

Provided the error in the position of the approximate surface and its boundary is (pointwise) of order $\documentclass[12pt]{minimal}
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                \begin{document}$$k+1$$\end{document}$ and the error in the normals/tangents is of order *k*, we prove optimal order error estimates in the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ and energy norms. No additional regularity of the exact solution, compared to standard estimates, is required. The proof is based on a Strang Lemma which accounts for the error caused by approximation of the solution, the surface, and the boundary. Here the discrete surface is mapped using a closest point mapping onto a surface containing the exact surface. The error caused by the boundary approximation is then handled using a consistency argument. Special care is required to obtain optimal order $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$ error estimates and a refined Aubin--Nitsche duality argument is used which exploits the fact that the solution to dual problem is small close to the boundary since the dual problem is equipped with a homogeneous Dirichlet condition. Even though our main focus in this contribution is the weak Nitsche method to handle the Dirichlet condition a standard strong implementation is also of interest and we therefore include a detailed description how strong boundary conditions may be implemented and analysed in our framework.

The outline of the paper is as follows: In Sect. [2](#Sec2){ref-type="sec"} we formulate the model problem and finite element method. We also formulate the precise assumptions on the approximation of the surface and its boundary. In Sect. [3](#Sec7){ref-type="sec"} we develop the necessary results to prove our main error estimates. In Sect. [4](#Sec16){ref-type="sec"} we present numerical results confirming our theoretical findings.

Model problem and method {#Sec2}
========================

The surface {#Sec3}
-----------
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                \begin{document}$$\Gamma \subset \widetilde{\Gamma }$$\end{document}$ be a surface with smooth boundary $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial \Gamma $$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{\Gamma }$$\end{document}$ is a smooth closed connected hypersurface embedded in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$. We let *n* be the exterior unit normal to $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu $$\end{document}$ be the exterior unit conormal to $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{\Gamma }$$\end{document}$, we denote its associated signed distance function by $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _{0,\widetilde{\Gamma }}>0$$\end{document}$ such that the closest point mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p{:}\;U_{\delta _{0,\widetilde{\Gamma }}}(\widetilde{\Gamma }) \ni x \mapsto x - \rho (x) n \circ p(x) \in \widetilde{\Gamma }\end{aligned}$$\end{document}$$For the boundary curve $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{\partial \Gamma }$$\end{document}$ be the distance function to the curve $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{\partial \Gamma }$$\end{document}$ be the associated closest point mapping with associated tubular neighborhood $\documentclass[12pt]{minimal}
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### Remark 2.1 {#FPar1}
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The problem {#Sec4}
-----------

**Tangential calculus** For each $\documentclass[12pt]{minimal}
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                \begin{document}$$w{:}\;\widetilde{\Gamma }\ni x \mapsto w(x) \in T_x(\widetilde{\Gamma })$$\end{document}$, the divergence is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {div}_\Gamma w = \text {tr}(w\otimes \nabla _\Gamma )$$\end{document}$. Then the Laplace--Beltrami operator is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The discrete surface and finite element spaces {#Sec5}
----------------------------------------------
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The finite element method {#Sec6}
-------------------------

The finite element method for the boundary value problem ([2.3](#Equ3){ref-type=""})--([2.4](#Equ4){ref-type=""}) takes the form: find $\documentclass[12pt]{minimal}
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### Remark 2.2 {#FPar2}

Note that in order to prove optimal a priori error estimates for piecewise polynomials of order *k* we require $\documentclass[12pt]{minimal}
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A priori error estimates {#Sec7}
========================

We derive a priori error estimates that take both the approximation of the geometry and the solution into account. The main new feature is that our analysis also takes the approximation of the boundary into account.

Lifting and extension of functions {#Sec8}
----------------------------------
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Norms {#Sec9}
-----
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### Remark 3.1 {#FPar3}
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Coercivity and continuity {#Sec10}
-------------------------
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Extension and interpolation {#Sec11}
---------------------------

**Extension** We note that there is an extension operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^2$$\end{document}$ using a smooth local chart and then applying the extension theorem, see \[[@CR13]\], and finally mapping back to the surface. For brevity we shall use the notation *v* for the extended function as well, i.e., $\documentclass[12pt]{minimal}
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**Interpolation** We may now define the interpolation operator$$\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _{h,SZ}$$\end{document}$ is a Scott--Zhang interpolation operator, see \[[@CR22]\] and in particular the extension to triangulated surfaces in \[[@CR8]\], without special treatment of the boundary condition. More precisely each node $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi _i$$\end{document}$ be the dual basis function associated with node *i*. Then the nodal values are defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \pi _h v (x_i) = \left( (E v)^e, \psi _i\right) _{S_i} \end{aligned}$$\end{document}$$

### Remark 3.2 {#FPar4}

We need no particular adjustment of the interpolant at the boundary since we are using weak enforcement of the boundary conditions. In Remark [3.9](#FPar29){ref-type="sec"} we consider strong boundary conditions and also use a Scott--Zhang interpolation operator which interpolates the boundary data at the boundary.

Then the following interpolation error estimate holds$$\documentclass[12pt]{minimal}
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Strang Lemma {#Sec12}
------------

In order to formulate a Strang Lemma we first define auxiliary forms on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a_{{\Gamma _h^l}}\left( v,w\right)&= \left( \nabla _\Gamma v,\nabla _\Gamma w\right) _{\Gamma _h^l} \nonumber \\&\quad - \left( \nu _{\partial {\Gamma _h^l}}\cdot \nabla _\Gamma v,w\right) _{\partial \Gamma _h^l} - \left( v, \nu _{\partial {\Gamma _h^l}}\cdot \nabla _\Gamma w\right) _{\partial \Gamma _h^l} \nonumber \\&\quad + \beta h^{-1}\left( v,w\right) _{\partial \Gamma _h^l} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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### Lemma 3.1 {#FPar5}

With *u* the solution of ([2.3](#Equ3){ref-type=""}--[2.4](#Equ4){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left| \left| \left| u - u_h^l \right| \right| \right| _{\Gamma _h^l}&\lesssim \left| \left| \left| u - (\pi _h u)^l \right| \right| \right| _{\Gamma _h^l} \nonumber \\&\quad + \sup _{v \in V_h {\setminus } \{0\}} \frac{a_{{\Gamma _h}}( \pi _h u,v) - a_{{\Gamma _h^l}}\left( (\pi _h u)^l ,v^l\right) }{|||v |||_{{\Gamma _h}}} \nonumber \\&\quad + \sup _{v \in V_h {\setminus } \{0\}} \frac{l_{{\Gamma _h^l}}(v^l) - l_{{\Gamma _h}}(v)}{|||v |||_{{\Gamma _h}}} \nonumber \\&\quad + \sup _{v \in V_h {\setminus } \{0\}} \frac{a_{{\Gamma _h^l}}(u,v^l) - l_{{\Gamma _h^l}}(v^l)}{|||v |||_{{\Gamma _h}}} \end{aligned}$$\end{document}$$

### Remark 3.3 {#FPar6}

In ([3.38](#Equ55){ref-type=""}) the first term on the right hand side is an interpolation error, the second and third terms account for the approximation of the surface $\documentclass[12pt]{minimal}
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                \begin{document}$${\Gamma _h}$$\end{document}$ and can be considered as quadrature or geometric errors, finally the fourth term is a consistency error term which accounts for the approximation of the boundary of the surface.

### Proof {#FPar7}
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                \begin{document}$$\begin{aligned} \left| \left| \left| u - u_h^l \right| \right| \right| _{{\Gamma _h^l}}&\lesssim \left| \left| \left| u - \left( \pi _h u^e\right) ^l \right| \right| \right| _{{\Gamma _h^l}} + \left| \left| \left| \left( \pi _h u^e\right) ^l- u_h^l \right| \right| \right| _{{\Gamma _h^l}} \end{aligned}$$\end{document}$$Using equivalence of norms ([3.22](#Equ39){ref-type=""}) and coercivity of the bilinear form $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \left| \left| \left( \pi _h u^e\right) ^l- u_h^l \right| \right| \right| _{{\Gamma _h^l}} \sim \left| \left| \left| \pi _h u^e - u_h \right| \right| \right| _{\Gamma _h}&\lesssim \sup _{v \in V_h{\setminus }\{0\}} \frac{a_{\Gamma _h}\left( \pi _h u^e - u_h,v\right) }{\left| \left| \left| v \right| \right| \right| _{{\Gamma _h}}} \end{aligned}$$\end{document}$$Next we have the identity$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a_{{\Gamma _h}}\left( \pi _h u^e - u_h,v\right)&= a_{{\Gamma _h}}\left( \pi _h u^e,v\right) - l_{\Gamma _h}\left( v\right) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&= a_{{\Gamma _h}}\left( \pi _h u^e,v\right) - a_{{\Gamma _h^l}}\left( u,v^l\right) + l_{{\Gamma _h^l}}\left( v^l\right) - l_{\Gamma _h}\left( v\right) \nonumber \\&\quad + a_{{\Gamma _h^l}}\left( u,v^l\right) - l_{{\Gamma _h^l}}\left( v^l\right) \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&= \underbrace{a_{\Gamma _h}\left( \pi _h u^e,v\right) - a_{\Gamma _h^l}\left( \left( \pi _h u^e\right) ^l ,v^l\right) }_{I} + \underbrace{l_{{\Gamma _h^l}}\left( v^l\right) - l_{{\Gamma _h}}\left( v\right) }_{II} \nonumber \\&\quad + \underbrace{a_{\Gamma _h^l}\left( \left( \pi _h u^e\right) ^l - u,v^l\right) }_{III} + \underbrace{a_{{\Gamma _h^l}}\left( u,v^l\right) - l_{{\Gamma _h^l}}\left( v^l\right) }_{IV} \end{aligned}$$\end{document}$$where in ([3.41](#Equ58){ref-type=""}) we used the equation ([2.14](#Equ14){ref-type=""}) to eliminate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$l_{{\Gamma _h^l}}(v^l)$$\end{document}$, in ([3.43](#Equ60){ref-type=""}) we added and subtracted $\documentclass[12pt]{minimal}
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                \begin{document}$$a_{\Gamma _h^l}((\pi _h u^e)^l,v)$$\end{document}$, and rearranged the terms. Combining ([3.40](#Equ57){ref-type=""}) and ([3.43](#Equ60){ref-type=""}) directly yields the Strang estimate ([3.38](#Equ55){ref-type=""}). $\documentclass[12pt]{minimal}
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Estimate of the consistency error {#Sec13}
---------------------------------

In this section we derive an estimate for the consistency error, i.e., the fourth term on the right hand side in the Strang Lemma [3.1](#FPar5){ref-type="sec"}. First we derive an identity for the consistency error in Lemma [3.2](#FPar8){ref-type="sec"} and then we prove two technical results in Lemma [3.3](#FPar10){ref-type="sec"} and Lemma [3.4](#FPar12){ref-type="sec"}, and finally we give a bound of the consistency error in Lemma [3.5](#FPar14){ref-type="sec"}. In order to keep track of the error emanating from the boundary approximation we introduce the notation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta _h = \Vert \widetilde{\rho }_{\partial \Gamma } \Vert _{L^\infty (\partial {\Gamma _h^l})}\lesssim h^{k+1} \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \widetilde{\rho }_{\partial \Gamma }(x) = |\widetilde{p}_{\partial \Gamma }(x) - x|_{\mathbb {R}^3},\quad x \in {\Gamma _h^l}\end{aligned}$$\end{document}$$and we recall that $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{p}_{\partial \Gamma }$$\end{document}$ is defined in ([3.37](#Equ54){ref-type=""}). The estimate in ([3.44](#Equ61){ref-type=""}) follows from the triangle inequality and the geometry approximation properties ([2.8](#Equ8){ref-type=""}) and ([2.10](#Equ10){ref-type=""}).

### Lemma 3.2 {#FPar8}

Let *u* be the solution to ([2.3](#Equ3){ref-type=""}--[2.4](#Equ4){ref-type=""}), then the following identity holds$$\documentclass[12pt]{minimal}
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### Lemma 3.5 {#FPar14}

Let *u* be the solution to ([2.3](#Equ3){ref-type=""}--[2.4](#Equ4){ref-type=""}), then the following estimates hold$$\documentclass[12pt]{minimal}
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### Proof {#FPar16}

Starting from the identity ([3.46](#Equ63){ref-type=""}) and using the triangle and Cauchy--Schwarz inequalities we obtain$$\documentclass[12pt]{minimal}
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Estimates of the quadrature errors {#Sec14}
----------------------------------

### Lemma 3.6 {#FPar17}
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### Proof {#FPar19}
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### Lemma 3.7 {#FPar20}
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### Remark 3.6 {#FPar21}
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### Remark 3.7 {#FPar22}

We note that the estimates in Lemma [3.7](#FPar20){ref-type="sec"} have similar form as the estimates in Lemma [3.5](#FPar14){ref-type="sec"}, which are adjusted to fit the $\documentclass[12pt]{minimal}
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### Proof {#FPar23}

([3.109](#Equ126){ref-type=""})--([3.110](#Equ127){ref-type=""}): Starting from the definitions of the forms ([2.15](#Equ15){ref-type=""}) and ([3.35](#Equ52){ref-type=""}) we obtain$$\documentclass[12pt]{minimal}
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Error estimates {#Sec15}
---------------

With the Strang Lemma [3.1](#FPar5){ref-type="sec"} and the estimates for the interpolation, quadrature, and consistency errors at hand, we are now prepared to prove the main a priori error estimates.

### Theorem 3.1 {#FPar24}

With *u* the solution of ([2.3](#Equ3){ref-type=""})--([2.4](#Equ4){ref-type=""}) and $\documentclass[12pt]{minimal}
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### Theorem 3.2 {#FPar26}
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### Remark 3.8 {#FPar28}

Our results directly extends to the case of a Neumann or Robin condition$$\documentclass[12pt]{minimal}
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### Remark 3.9 {#FPar29}

Strong implementations of the Dirichlet boundary condition may also be considered in our framework. In this remark we summarize the main modifications in the formulation of the method and in the analysis. To formulate a finite element method with strong Dirichlet boundary conditions we need to interpolate the Dirichlet data and construct a suitable interpolation operator. Then we formulate the method and finally we discuss the modifications in the theoretical results.
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### Remark 3.10 {#FPar30}

It is not necessary to use the same order of polynomials in the mappings of the elements and the finite element space. We may instead use polynomials of order $\documentclass[12pt]{minimal}
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Numerical examples {#Sec16}
==================

**Model problem** We consider the Laplace--Beltrami problem on a torus with a part removed. To express points on the torus surface we use toroidal coordinates $\documentclass[12pt]{minimal}
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                \begin{document}$${\Gamma _h^l}=\Gamma $$\end{document}$Fig. 6Convergence study for a simplified version of the model problem ($\documentclass[12pt]{minimal}
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